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Radiative energy transfer in plasma is investigated with account for its actual optical properties. 

Consideration is based on the spectrum-integral method of partial characteristics. Databanks on integral 

partial characteristics of a number of substances are composed on the basis of data on optical properties 

that include the molecular state of matter, weakly ionized plasma, and plasma with multicharge ions and 

the main processes that determine absorption of thermal radiation (bound-bound, free-free, and bound-free 

transitions in molecules, atoms, and ions). Calculations of plasma radiation by this method are compared 

with results of spectral description. Some generalizations of the given method for solving problems of 
radiative plasmadynamics are considered. 

Introduction. Inclusion of radiation greatly complicates solution of problems of high-temperature 

gasdynamics [ 1, 2 ]. A radiation flow and its divergence are spectrum-integral and angular-variable quantities that 

depend on the distribution of the parameters (temperature, density) in the entire volume under consideration. They 

should be determined rapidly and with sufficient accuracy on each time layer. It is obvious that direct integration 

over the spectrum in solving a gasdynamic problem is not used due to its laboriousness. The multigroup 

approximation, frequently used for simplification of calculations, where the actual spectrum is replaced by several 

tens of spectral groups within the limits of which the coefficients of absorption are averaged by one or another 

method (Rosseland methods or Planck mean-group methods, etc.), though giving a qualitatively accurate result, 

may greatly differ quantitatively from an approximation allowing for the actual spectrum. In particular, in [3 ] it is 

shown that under conditions where the radiative heat transfer is close to the limit of radiative thermal conductivity, 

the flow calculated in the multigroup approximation is severalfold lower than the actual one. We should distinguish 

a method of transfer calculation developed in [4 ] and based on averaging of the coefficients of absorption in groups 

over the field of intrinsic radiation with account for the actual spectral intensity and the diagram of radiation 

direction. The latter characteristics are found at individual instants of time (instants of averaging) and then are 

frozen along certain variables pertinent to each specific physical problem. 

In the present paper, we used the spectrum-integral method of partial characteristics, which was developed 

in [5, 6], to describe radiation transfer in an actual spectrum. The method is based on representation of the 

radiation flow (for a plane layer) or the intensity in a prescribed direction (for an arbitrary geometry of the plasma) 

and their divergence in terms of spectrum-integral quantities. A databank of partial characteristics is composed for 

air, silicon dioxide, carbon dioxide, hydrogen, carbon, and aluminum, detailed test calculations are made, and 

possible ways of accelerating the calculation of the radiation field are studied. 

Optical Properties of Plasma. To describe radiative transfer of energy we need data on the optical properties 

of matter. In the state of local thermal equilibrium they were calculated with account for the main radiative processes 

characteristic of hot gases and pIasma. At temperatures T <_ 104 K, among these are absorption of radiation in 

electron-vibrational transitions in molecules and molecular ions, discrete transitions in atoms and ions, processes 
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Fig. 1. Spectral mass coefficient of absorption of air with a density p = 

1.29-l0 -3 g/cm 3 and a temperature T = 1.02 eV (a), 3.16 (b), and 10 (c). 
K E, cm2/g; E, eV. 

of photodissociation and photoionization of molecules, and free-free transitions in the fields of neutral particles and 

ions. As the temperature increases, discrete transitions in atoms and ions, processes of photoionization of ground 

and excited levels and internal electron shells, and bremsstrahlung absorption in the fields of ions become 

predominant. A variety of radiative transitions, whose contribution to the total absorption changes sharply 

depending on the parameters of the plasma and the quantum energy, lead to a complex structure of the actual 

spectrum, which should be taken into account in solving problems of radiation transfer. In particular, radiation in 

spectral lines, in spite of their small width, can, in a number of cases, determine the magnitude of the radiation 

flow. This results in the need to describe the spectrum of the coefficient of absorption in detail. 

We enumerate the main approximations adopted in calculations of coefficients of absorption of matter. The 

absorption cross section in free-free transitions in the fields of neutral particles was expressed in terms of the cross 

section of elastic scattering of an electron on this particle [7-9 ]. The absorption cross section in electron scattering 

on an ion was described by the Kramers formula with the Gaunt correcting multiplier [10]. Cross sections of 

bound-free transitions were calculated in various approximations. Photoionization of low-lying levels of atoms and 

ions of nitrogen and oxygen were calculated by the Hart ree-Fock method [ 11 ]. Photoabsorption by other particles 

was determined by the quantum-defect method [12 }. Cross sections of photoionization of hydrogen-like ions were 

calculated using exact formulas of the nonrelativistic dipole approximation [13 ]. Photoionization of excited levels 

was calculated in the quasiclassical approximation. The Hartree-Fock-Slater  method was used for determination 

of photoionization cross sections of internal electron shells of atoms and ions I141. Stepwise models [ 15 ] and data 

obtained under atmospheric conditions [16] were used for cross sections of photoionization of molecules. In 

calculation of absorption in spectral lines, their contour was prescribed in the form of a Voigt function that allows 

for collisional and thermal Doppler broadening. The linear Stark effect in the plasma microfield was taken into 

account for the hydrogen atom and H-like ions, and the line contour was specified according to Griem [17]. 

Absorption in electron-vibrational transitions of diatomic molecules was specified by an expression for the integral 
absorption in a band [18 ]. 

Coefficients of absorption of matter were calculated in the entire spectrum where transfer of intrinsic 

radiation is substantial (E = 10 -2-103 eV). The coefficients of absorption are averaged on rather small spectral 

ranges. The range of energies E < 17.35 eV contains, as in [19], 560 ranges of averaging with a step of 250 

cm-t ,  i.e., 0.03099 eV. In the harder range of the spectrum the step of averaging increases according to the law 
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Fig. 2. Coefficient of absorption of aluminum plasma with T = 1 eV and p -- 
1.21.10 -6 g/cm 3 (1) and 1.21-10 -4 (2). 

A E  i = E O" 10 (i-560)/500 (E 0 = 8.01- 10 -2 eV). Thus, the total number of spectral ranges within the described range 

of energies of quanta is 1440. 

Determination of the component composition of a plasma that is a complex mixture of molecules, atoms, 

and ions of different multiplicity of ionization is made by the "chemical model" [20 ]. Equilibrium concentrations 

for substances that have molecular components at temperatures T < 104 K are determined in accordance with the 

law of mass action for the leading components realized in the given temperature range. Molecular and atomic 

constants entering the equilibrium constants are contained in a databank on atomic characteristics of matter. The 

system of equations of chemical equilibrium in combination with the condition of quasineutrality and the equations 

of material balance is solved by relaxation methods [21 ]. 

When the molecular components are fully dissociated, the concentrations of ions of successive multiplicity 

of ionization are determined by the Saha system of equations. Here nonideality of the plasma is taken into account 

in terms of corrections to the ionization potentials obtained in the Debye annular approximation in a large canonical 

ensemble [22 ]. Planck-Larkin weighting functions [23 ] that reduce the contribution of highly excited states are 

introduced in calculaiion of statistical sums of particles. 

Basic information on composed databanks of opticophysical characteristics of matter is given in [ 11, 21, 

24-29 ]. The databank on optical properties of matter contains a set of tables of mass coefficients of absorption 

K E ( T ,  t9) = KE(T, p ) / p  (cm2/g) as a function of the energy of the quanta, the temperature, and the density. Mass 

coefficients of absorption depend much more weakly on the density than linear ones, which increases the accuracy 

of interpolation of the tables to the required values of the parameters of the substance. Figure 1 presents the spectral 

mass coefficient of absorption of air at three temperatures as an example illustrating the obtained data. Figure 2 

shows absorption of aluminum plasma. 

Method of Partial Characteristics and a Databank for Its Application. The formal solution of the equation 

of radiation transfer on a ray of length L in the absence of sources on the boundaries is determined by the 

expression 

I x; I (x) = f f IEe q (~) K E (~) exp -- x e (y) sign (x -- ~) d E  d~.  (1) 
o o 

The derivative of the intensity in the x direction is 

V I  (x) = 2 7 IEeq (x) K E (x) d E  - f f Ieeq (~) xe (~) xe (x) exp - xf x e  (Y) d E  d~ . 
o o o 

Changing the order of integration in (1) and (2), after simple transformations [6] we can represent the 

corresponding expressions in the form 
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L 
I ( x ) =  f A I ( ~ , x )  s i g n ( x - ~ ) d ~ ,  

0 

L 
V I ( x ) = A I ( x ,  0) + A I ( x , L ) - f  

0 
Alir n (~, x) d~', 

where the partial intensity A/(~, x) and the partial sink Alirn(~, x) are 

Similarly, for a plane layer we found the radiation flow and its divergence: 

L 
S (x) = f AS (~, x) sign (x - ~) d~,  

o 

L 
VS (x) -- AS (x, 0) + AS (x, L) -- f ASim (~, x) d~ ,  

0 

(3) 

(4) 

d e .  (S) 

(6) 

A S  (~, x) = 2 f SEe q (~) XE (~) E2 f X E (y) dy d E ,  
0 

(7) 

I) ASim (~, x) = 7 [SEeq (~) - SEeq (x) ] x E (~) tc E (x) E 1 ~:E (Y) dy d E .  (8) 
0 

Partial characteristics (4), (5) and (7), (8) can be calculated if the temperature and density (pressure) profile 

between the points ~ and x is specified and the spectral coefficient of absorption KE(T, p) is known. The quantity 

AI(~, x) is, for example, determined by the distribution of the parameters along the ray in terms of the equilibrium 
X 

intensity of the radiation IEeq(~) (this relation is local) and in terms of the optical distance T E = f ~cE(Y)dy between 

the points of radiation ~ a n d  observation x. Since the dependence of r E on the spatial distribution of the 

thermodynamic variables has a character that is integral over the ray length and thus it is insensitive to the details 

of the profile of T and p between the points ~ and x, the possibility of integration over the energy of the quanta 

using splines that approximate the actual spatial dependences T(y), p(y) arises. The linear spline 

Y 
T = T x + (T~ - Tx) z ,  p = Px + (P~ - Px) z,  z - 1~ _ x l ' 0 -< z _< 1 (9) 

is the  simplest .  In this case,  the tables of part ial  characteris t ics  are f ive-dimensional  (e.g., AS(~, x) = 

AS(T~,  Tx, p~, Px, X) ) .  Linear splines provide the asymptotically correct behavior of the solution of the transfer 

equation in the limits of small and large optical thicknesses. For a transparent medium, where z- E << 1 in the whole 

range of the spectrum, the result is correct due to the absence of attenuation, and the distribution of radiation 

sources is always calculated on the true profile of the parameters T and p. In the opposite case (TE >> 1), the 

intensity of the radiation I (x )  (or the flow) is determined by a small neighborhood of the point x, and here the 
linear approximation is usually quite sufficient. 
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Fig. 3. Dependence of the partial flow on the temperature of the source (a): 
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8) l0  -2  and its density (b): l) T --- 1.3. l04 K; 2) 1.6. 104; 3) 2- 104; 4) 2.51 
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Fig. 4. Dependence of the partial flow on the distance for various temperatures 

of the sink: 1) Tx = 2 eV; 2) 1.85; 3) 1.72; 4) 1.55; 5) 1.20; 6) 0.34. T~ = 2 

eV; p~ =Px  = 1.29"10 -5  g /cm 3. X, cm. 

Partial characteristics of plasma were calculated and tabulated in the approximation of l inear  splines in the 

same range of the parameters  of state as the coefficients of absorption [28-30 ]. When T < 2- 104 K, the temperature 

scale of [19 ] (18 isotherms) was used, and when T > 2. l04 K a logarithmic step with A log T = 0.1 was specified. 

The density of the step was two points per order  of magnitude. Th e  range of temperatures was l03 < T _< l06 K, 

and the range of densities was 10 -9 < p _< 10 -2 g/cm 3. The  spatial range X = Ix - ~1 was tabulated with a 

frequency of i0  points per order of magnitude for X = l0 - 4 -  l05 cm. We note that the partial characteristics of air, 

hydrogen, and argon in [6 ] are given as a function of T, p, and X in rather narrow ranges of the parameters and 

are intended mainly for description of radiative transfer in laboratory set-ups for low-temperature plasma. 

x 

In composing tables of partial characteristics one should calculate the optical thickness f x E( y ) dy  between 

the point of the source and the point of observation accurately. For  this it was assumed that on the portion of the 

path lying within the limits of the four nodes of the table of optical properties (TiPj ,  T i P j + l ,  Ti+lPi  , Ti+lPj+ 1) the 

mass coefficient of absorption KE can be represented in the form 

z - z I ( 1 0 )  
In K = In K 1 + (In K 2 - In Kl )  z2 _ zl , 

where KI and K2 are the corresponding coefficients at the points of intersection of the ray with the boundaries of 

the given rectangle,  and z2 - zl is the portion of the path X = ix - ~l in it. Then the optical path between the 

points ~ and x is 

i In (- Sj l-U/)J 
( 1 1 )  
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Fig. 6. Radiation flow in an  isothermal layer with a linear distribution of 

densi ty (T = 2 eV, L = 1 cm, p (g/cm 3) = 1.29.10 - 3 - 1 . 2 8 .  I O - 3 X / L ;  crosses 

- spectral calculation): 1) in the table of partial characteristics the step in 

dens i ty  is two points per o rder  of magnitude; 2) four points per order of 

magnitude.  S, MW/cm z. 
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The  contribution of an element of the table with a constant mass coefficient of absorption to the optical path is 

(x  - ~ )g i ( z i+  1 - zi)(19 i + P i + l ) / 2 .  

Some results of calculation of partial characteristics of air are given in Fig. 3, where the dependence  of AS 

on the temperature and density of the source is shown. We note that ,  since in these figures X = 0 (~ = x), the 

partial flow turns out to be equal to AS(~, ~) = 2a ~T~x e. Figure 4 shows the partial flow AS(~, x) in plasma with a 

constant density and a temperature of the source T~ = 2 eV, and the temperature of the point x is varied within 

the range T x = 2 - 0 . 3 4  eV. It follows from the figure that the contribution of the point ~ to the flow S i x )  for a layer 

with a constant tempera ture  of 2 eV at distances X _< 1 cm is smaller than in the case of lower temperatures  Tx. 

This  is caused by an increase in the t ransparency of the layer for radiation with a temperature T~ = 2 eV with 

decrease in the tempera ture  T x. For large distances this relation changes,  which is associated with the postulate of 

l inearity of the profiles of temperature and densi ty  between the points ~ and x and with the change in the relation 

between the spectrum-integral  optical paths. At the same time, the value itself of this contribution decreases  sharply 

with increase in the distance. 

We note that radiative transfer under  conditions where the spatial gradients of the pressure  are small is 

much more convenient to calculate using temperature  and pressure as independent parameters. In this case, due 

to the constancy of one of them (p = const) the tables of partial characteristics turn to be more compact.  By virtue 

of the said above, they were also calculated as functions of the variables of T and p. 

Results of Calculation of Radiative Transfer .  To check the operation of the method we conducted a series 

of calculations of radiat ion of air plasma with various distributions of temperature  and density (pressure) .  The data 

obtained were compared to results of spectral calculations where the t ransfer  equation was solved on 1440 spectral 

ranges.  Figure 5 demons t ra tes  a profile of radiat ion flow in a plane layer  with uniform dis t r ibut ion  of the 

parameters.  The  dimensions of the layer vary within the range 10 - 1 - 1 0 5  cm. The integral calculation is shown by 

the solid curves, and the spectral one by the crosses. Complete graphical coincidence of the results obta ined  is seen. 

In calculation of radiation of a layer with a l inear profile of temperature (the temperature of the left boundary is 

T O -- 2 eV, and that of the right boundary is Tl = 0.862 eV), a constant density p = 1.29- 10 -5  g / cm 3, and a 

characteristic size 10 -1 < L < 102 cm it turned out that the maximum differences observed for L = 10 - I  cm do not 

exceed 10~ .  An analysis shows that the differences are caused by the fact that in solving the spectral  equations 

of transfer,  interpolation between points of the table of optical properties is done for each energy of the quantum, 

1070 



whereas  in the integral method it is done only once. It is apparent  that to obtain a higher  accuracy of the method 

of partial  characteristics one should tabulate the corresponding data in greater detail. This is confirmed by the 

results presented in Fig. 6, where a profile of the flow in an isothermal layer with a linear profile of densi ty  is 

shown, and its difference on the boundaries of the layer  is two orders of magnitude. It is seen that use of more 

detai led tables (four points per o rde r  of magnitude in p) gives better correspondence to spectral data. 

We next consider radiat ion of a plasma layer  with a nonlinear distribution of temperature. Let the profile 

of T have the form 

TO TO (12) 
T ( x ) =  A = - - -  1. 

1 + A ( x / L )  a ' T 1 

We calculated two versions of relat ion (12): with a -- 2 and 5. The density was assumed constant and equal to  

1 .29.10 - 5  g /cm 3, and the dimensions of the layer were varied. On the left boundary  T O = 2 eV, on the right T1 = 

0.862 eV, and the layer thickness is L - -  10 - l -  103 cm. A comparison of the profile of the radiation flow obtained 

by the  spectral method (crosses) and  by the integral method (the dashed curve) is given in Fig. 7. Since the 

tempera ture  profile with a = 2 is noticeably closer to linear, better  correspondence to spectral results is observed 

for it. As L increases (as the gradients  decrease and the nontransparency of the layer  increases), the integral results 

approach the spectral ones. 

In using linear splines,  bes ides  the actual t empera ture  at the point x, as was done in all previous 

calculations, we can select as T x the temperature T' x that provides the best approximation of a linear profile on the 

path of absorption to the actual one  [5 ]. From obvious considerations, the effective temperature of the point T' x 

and the  effective density at it a re  determined by a distribution of T and p between the points ~ and x such that 

the total integral of the actual distribution is equal to the integral of the linear profile: 

x 1 r'x) (x ~) f p (y) dy = ~ (p~ + P'x) (x - ~). f T (y) dy = -~ (T~ + _ , x I (13) 

For profile (12) with the parameter  a = 2 the effective temperature is 

= a r c t a n -  - arctan (x - ~) - T~. 
L 

With a = 5 we have for T' x 

2ToL  
T' x ( ~ , x )  = T A  X 

X fl I In [ z +  II - f l  ~ cos 1/3 (2/r + l ) ~ l l n  [ z 2 -  2zcos [fl(2k + 1) :z l  + l l +  
k=0 

xA 

- cos I f  + 1) x l l L 
+ 2/3 ~ sin [/3 (2k + I) x i arctan 

k=0 s,n [/3 (2k + 1)~ l  I~A fl (x  -- ~)- l  T~, 

L 

(15) 

where  /3 = 1/a  -- 0.2. The calculation of the flow with the effective temperature T' x according to (14), (15) is 

p resented  in Fig. 7 (curves 3). It is seen from the figure that introduction of the effective temperature T' x refines 

the da t a  of the integral method  in the requisite direction. The value of T x can differ  noticeably from T x. If 

T' x > Tx,  this means that on a large part of the path of absorption the actual temperature  is higher than on the 

l inear  spline, and conversely, when T' x < T x, the temperature on the spline mainly exceeds the actual temperature.  

The re fo re  for the case T' x > TX, the partial flow AS (~, x) can be represented in the form of a combination of the 
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Fig. 8. Spatial distribution of partial flows in a plane layer of air plasma with 

p = 1.29.10 -5  g / cm 3, L = 102 cm, the temperature profile of (12) with a = 

2, T o = 2 and T 1 = 0.5 eV: 1) X / L  = 0; 2) 0.25; 3) 0.5; 4) 0.75; 5) 1. 
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partial flow AS(~, T~; x, T' x) and a partial flow along an isothermal path AS(~, T~; x, T x) each weighted with a 

certain weight. Curves 4 in Fig. 7 correspond to this calculation. Here the partial flow is taken in the form 

AS (~, x) = AS (T~, T'x) (Tx/T'x) 3 + AS (T~, T~) [1 - (Tx/Tx)3]. (16) 

As is seen, this procedure provides a more correct behavior of the radiant flow in transparent layers with a high 

gradient of the temperature. Similar results for the intensity of the radiation of plasma arc of constant pressure in 

air are obtained in [30 ]. 

According to (3) and (6), intensities, flows, and their divergences are found by integration of partial 

characteristics over a ray (a layer). Because of possible nonmonotonic and sharp variation of the partial charac- 

teristics in space this problem is rather complicated. To solve it we can use quadrature formulas with a controllable 

accuracy. In the case of strong nontransparency of the plasma in the local vicinity of the point x, the partial 

intensities (flows) change by many orders of magnitude. Here the resultant flow is a small difference between large 

and close one-sided flows. In Fig. 8 the distribution of the partial flow is shown for five cross sections of a plane 

layer with a thickness L = 102 cm, constant p, and a profile of T according to (12). The radiative flow is equal to 

the difference between the areas under the corresponding curves on either side of the point x. An analysis showed 

that in this case the most effective way to calculate the radiation is to use tables containing partial characteristics 
X 

integrated over a linear profile of the parameters (e.g., f AS(~, x)d~ = F(T~, T x, p~, Px, X)). Clearly they can be 

used only in the local vicinity of the point x, where the linear approximation for the profile of T and p is justified. 

The spectral parameters of the radiation give an idea about the complex character of radiative transfer in 

a plane layer of air plasma. Figure 9 demonstrates the spectral flow of radiation in various cross sections of a layer 

with the parameters L = 10 -1 cm, T o = 2 eV, T1 -- 0.862 eV; the temperature profile is specified according to (12), 

a = 2, p = 1.29.10 -5 g/cm 3. The graph shows the function describing the energy spectrum of the local radiative 

flow ~E = SE/ISI .  It is normalized to unity and retains the sign of the spectral flow. We note that in the cross 

section L/4 spectral flows in various ranges of the spectrum have different directions. The sign of the flow depends 

on the distribution of the radiation sources and the optical thickness of the plasma on either side of the point of 

observation. Spectral flows are calculated using the flow scheme of the solution of the transfer equation [3 ]. 

Conclusion. The data presented show that in describing radiative transfer in the case where the actual 

spectrum is characterized by many hundreds of intense lines and recombination continua where the intensity 

changes by an order of magnitude, use of the method of partial characteristics with certain modifications provides 

rather high accuracy of the determination of integral flows and intensities of radiation. This gives hope that this 

method will be used successfully for solving problems of nonstationary radiation gasdynamics. 

The work was carried out under the program of the International Science and Technology Center, project 

B23-96. 

N O T A T I O N  

T, tempereture; p, density; p, pressure; S, flow of radiation energy; I, intensity of radiation; KE, spectral 

mass coefficient of absorption; rE, linear coefficient of absorption; IEe q and SEeq, equilibrium intensity and flow; 
E, quantum energy; ~ and x, spatial variables; AI and AS, partial intensity and flow; Alim and ASim , partial sinks 

of intensity and flow; E1 and E2, integral indicative functions of the 1st and 2nd kind; TL-, optical thickness; ~p, 

Planck mean coefficient of absorption; L, characteristic linear dimension of the piasma; DE, normalized spectral 

function of flow. 
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